؉ T cells play an important role in controlling viral infections, boosting specific CD8 ؉ T cells by prophylactic vaccination with simian immunodeficiency virus (SIV) epitopes fails to provide sterilizing immunity. Viral replication rates and viral contraction rates after the peak viremia hardly depend on the presence of memory CD8 ؉ T cells. To study these paradoxical findings, we parameterize novel mathematical models for acute SIV and human immunodeficiency virus infection. These models explain that failure of vaccination is due to the fact that effector/target ratios are too low during the viral expansion phase. Because CD8
CD8
ϩ T cells play an important role in controlling viral infection because CD8 ϩ cytotoxic effector T cells (CTLs) clear infected cells displaying viral peptides on their class I HLA molecules. CD8 ϩ T cells are also known to be important in controlling simian immunodeficiency virus (SIV) and human immunodeficiency virus (HIV) infection because (i) the depletion of CD8 ϩ T cells during chronic SIV infection in monkeys increases the viral load (46, 60, 85) , (ii) human HIV-positive patients who are heterozygous at class I HLA loci have slower rates of disease progression (18) , and (iii) the virus accumulates mutations in CD8 ϩ T-cell epitopes (33, 37, 59 ). The various epitope-specific CD8 ϩ T-cell responses during chronic viral infection with HIV can amount to up to 10% of the total number of CD8 ϩ T cells (13) . Similar percentages have been reported for CD4 ϩ and CD8 ϩ T-cell responses in healthy human carriers of cytomegalovirus (90) . Given a total human body count of 10 11 CD8 ϩ T cells (20) , the total antiviral CD8 ϩ T-cell response amounts to 10 10 effector cells. Although it remains difficult to estimate total body numbers of infected target cells (39) , such large effector populations probably imply that the human cellular immune response to these chronic viral infections operates at high effector/target ratios. Naturally infected sooty mangabeys that typically remain healthy despite high viral loads also devote more than 1% of their CD4 ϩ and CD8 ϩ T cells to the control of this benign SIV infection (30) . Given the estimated naive CD8 ϩ T-cell precursor frequencies of 1:10 5 cells (14) , successful cellular immune control therefore seems to require a 10 3 -to 10 4 -fold expansion of specific T cells. Prophylactic vaccination is the triumph of immunology, and several childhood diseases are successfully prevented by prophylactic vaccines eliciting humoral antibody responses that provide sterilizing immunity that may last for a lifetime. In striking contrast, cellular immune responses typically fail to prevent subsequent infection (103, 104) . The importance of cellular immunity in the control of HIV infection and the poor effectiveness of neutralizing antibodies to this pathogen form a formidable challenge for the development of protective HIV vaccines (17, 65) . Live attenuated vaccine candidates provide much better protection than protein-based or nucleic acidbased vaccines (4, 47, 53, 87, 101) , and immunogens based upon the more aggressive X4 viruses (5, 12, 82, 86) seem to protect somewhat better than those based on the more natural R5 viruses (2, 44, 73) that provide hardly any protection (65) . Attenuated HIV is too dangerous to be used for vaccination in humans (43) , and we investigate here why other vaccination approaches fail to provide sterilizing immunity.
SIV infection in macaques is the primary animal model for testing the effects of HIV vaccines, and these experiments seem to be a "best-case scenario" because the epitopes in the vaccines are matched exactly with those in the challenge viruses (53) . Nevertheless, in monkeys vaccinated with proteinbased or nucleic acid-based vaccines (12, 19, 44, 54, 61, 63, 86) or with single-cycle SIV (32) , specific CD8 ϩ T cells are boosted, but the acute phase of the infection develops remarkably similarly to that found in naive monkeys. This similarity has been quantified in a number of studies estimating initial viral replication rates. In both naive and vaccinated animals, the virus grows uncontrolled for a few weeks, with a replication rate of about 1.5 day Ϫ1 (21, 22, 57, 71) . Such a failure of memory CD8
ϩ T-cell responses to reduce initial viral replication rates is not unique to SIV/HIV and has also been found in other experimental models of rapidly replicating viruses (7, 29, 34) . SIV and HIV are special because they replicate in CD4 ϩ T cells that are also boosted by vaccination, leading to increased target cell availability and increased viral replication (88) .
During the early expansion phase, massive numbers of CCR5 ϩ CD4 ϩ memory T cells in the gut mucosa become infected and disappear (38, 55, 62, 93) , and such a severe depletion of target cells is expected to slow down viral replication (75) . Despite equal initial replication rates, the peak viral loads that are obtained in vaccinated monkeys can be 10-fold lower than those in naive monkeys (12, 21, 22, 32, 86) . CD8 ϩ T cells are known to be important around the time of the peak, because in their absence, there is hardly any decrease in the viral load after the peak, i.e., a high viral set point is approached (85) . When CD8 ϩ T-cell responses are inhibited by blocking costimulation during acute infection in monkeys, one even observes a somewhat lower peak viremia in treated monkeys but a much higher viral set point (80) . Because of the enormous damage done by HIV during acute infection, relatively small differences in the peak viral load can have a strong impact on the rate of disease progression afterwards (41) . Vaccinated monkeys indeed approach lower viral set points (12, 86) and better preserve central memory CD4
ϩ T cells (54, 61) .
After the peak, the viral load contracts, with a half-life of about a day, and surprisingly, this half-life is largely unaffected by the presence of large numbers of specific CD8 ϩ T cells in vaccinated animals (1, 21, 22) . This 1-day half-life is similar to the classical half-life of productively infected cells during chronic infection (42, 74, 95) . Thus, although the specific CD8 ϩ T-cell response is required for the decline toward a low set point (80, 85) , the abundance of specific CD8 ϩ T cells in vaccinated monkeys hardly affects the rate at which the viral load declines.
Several authors have argued that the specific CD8 ϩ T-cell response to SIV (or HIV) is "too late and too little" for effective control during acute infection (1, 21, 22, 81, 93) . The late arrival of CD8 ϩ effector cells at the local site of infection is partly explained by the high antigen densities required for the recruitment of large memory CD8 ϩ T-cell populations (22) . The main goal of this paper is to explore this further and explain why the CD8 ϩ T-cell response would fail to affect the initial viral replication rate, fail to affect the down slope during the viral decline phase, and nevertheless account for lower peak viral loads. We develop a novel mathematical model with realistic dynamics for viral expansion, contraction, and approach to the viral set point to study the impact of concomitantly expanding CD8 ϩ effector T cells. In finding that large effector populations are required to control rapidly replicating viruses, we provide a better understanding of the lack of sterilizing immunity after boosting cellular immunity.
THEORY
The mathematical model is defined as a set of differential equations:
where V is viral load. Because the dynamics of the virus particles are much faster than that of the infected cells (77) , one can write a quasi-steady-state equation for the density of virus particles: V ϭ pP, where p is the virus production per infected cell scaled by the clearance rate of virus particles (27 (16, 25, 91, 92) . When at least one of the two cell populations in the denominator of the saturation functions is much larger than the Michaelis-Menten constant, their actual values hardly matter for the behavior of the model. The effector/ target ratio in the steady state is solved from dE/dt ϭ 0; when the naive T cells are depleted, one obtains E ϭ P(m/d e Ϫ 1) Ϫ h E . For our parameters, m/d E ϭ 2, and because P Ͼ Ͼ h E , we obtain that at steady-state, E Ϸ P.
RESULTS
Expansion phase. For cytotoxic effectors, E, killing an exponentially growing pathogen, one can easily see that effector/ target ratios should play an important role. CTLs cannot kill an infinite number of infected target cells per day because it takes time to locate and bind them, to deliver a lethal hit, and to dissociate to find the next target cell (66, 89, 97) . This "handling time" creates a saturation effect similar to that of Michaelis-Menten enzyme-substrate kinetics (16, 26, 76) . A problem with this limited killing efficiency is that pathogens that expand faster than the CTL response tend to grow uncontrolled (see Fig. A1 ) (76) . At high pathogen densities, the expected killing rate per pathogen becomes proportional to the effector/target ratio, and this ratio continues to decrease when the pathogen load, L, grows faster than the immune response, E.
This "problem" of failing to control the pathogen is an excellent explanation for the similar SIV replication rates in naive and vaccinated monkeys. SIV indeed expands faster than the specific CD8 ϩ T-cell immune response, with estimated (21) . During the initial expansion phase, the effector/target ratio at the local site of infection is apparently too low to control the pathogen. For SIV-vaccinated animals, this probably means that the CD8 ϩ effector cells appear too late in the mucosal tissues to control the initial virus growth (22, 81, 93) . Whenever the CD8 ϩ T-cell immune response arrives late at the local scene of infection, virus-infected target cells outnumber the initial immune response, and the initial effector/target ratio will be too low for immediate immune control (see Appendix). These results imply that under such conditions, the immune response fails to catch up, and the virus will grow uncontrolled with ever-declining effector/target ratios (see Fig. A1a ). Thus, for viruses that replicate faster than the immune response, "too late" implies "too little" (76) . Peak viremia. Why, then, would the virus be controlled after 2 to 3 weeks? These results suggest that the CD8 ϩ T-cell immune response can control the virus only when viral replication has been slowed down by other limiting factors (see Appendix). Because there is a massive depletion of CCR5 ϩ
CD4
ϩ T cells in the gut during the first weeks of infection (55, 62, 93) , it is very likely that viral replication rates slow down due to the limited availability of uninfected target cells (75) . When viral replication is slowing down, the immune response can catch up and achieve effector/target ratios that are sufficient to control the virus (see Fig. A1b ). Because cellular immune control can start only when the virus is limited by something else, the model offers a natural explanation for the very similar viral replication rates and the fairly similar peak viral loads in naive monkeys and monkeys boosted with DNAor protein-based vaccines (12, 19, 21, 22, 44, 54, 61, 63, 86) . In this scenario, the CD8 immune response becomes important only around the peak viral load, which is in good agreement with the observation that the peak viral load is similar in monkeys in which CD8 ϩ T cells were depleted or inhibited (80, 85) .
Decline phase. Although monkeys lacking a CD8 ϩ T-cell response have similar peak viral loads, their set-point viral levels fail to decline after the peak (80, 85) . CD8 ϩ T cells are therefore important around the peak and during the subsequent decline phase. However, if CD8 ϩ T cells are so important during the approach to a low set point, it seems strange that (i) the down slope itself is hardly affected by the presence of specific CD8 ϩ T cells in vaccinated animals (1, 21, 22) and (ii) HIV-positive patients with markedly different immune responses show little variation in the death rates of productively infected cells during chronic HIV infection (15, 35, 68) .
An important factor that is expected to contribute to an upper limit of the down slope is the "eclipse phase," i.e., the time it takes before a productively infected cell begins to transcribe proviral DNA and to produce viral proteins in large quantities. This eclipse phase has been estimated to be approximately 1 day (28, 69, 79, 84) . It therefore seems likely that there is a delay of about 1 day before infected cells become good targets for CTL killing (84). As described above (see THEORY), we develop a novel mathematical model that aims to have realistic dynamics for the expansion and decline phases. This model allows for an eclipse phase with an average length of 1 day (␥ ϭ 1 day Ϫ1 ), has a killing term that is limited by the CTLs when there are more infected cells than CTLs, and is limited by the infected cells when there are more CTLs than infected cells (see Appendix) (16, 25, 91, 92 ). An eclipse phase of approximately 1 day introduces a new timescale that corresponds very well with the invariant down slope of 0.5 day Ϫ1 . The combination of the eclipse phase with the improved killing term provides a robust explanation for the observed invariant down slopes (compare Fig. 1 with Fig. A2) .
Explaining paradoxical observations. The model presented above (see THEORY) studies replication rates observed in SIV-infected monkeys; i.e., the maximum replication rate of the virus is 1.5 day Ϫ1 , which is considerably faster than the growth rate of the immune response of approximately 1 day Ϫ1 (21, 22) . The model includes naive (or memory) CD8 ϩ T cells that are activated at a sufficiently high antigen density, which is weighted by intraclonal competition (24, 40, 50, 51, 52, 98) to account for the late recruitment of large memory populations (22) . During the first few weeks of acute infection, there are many target cells in the gut mucosa, and viral growth is exponential at the predefined rate of 1.5 day Ϫ1 (see Appendix). Little is known about the number of viral particles produced per productively infected cell (39) . Therefore, the scaled production parameter, p, is varied 100-fold from left to right in (97) showed that CTLs kill the target cells that they are associated with in a few minutes. Two-photon microscopy studies suggest that CTL killing takes about half an hour (66) . Part of the differences between these studies could depend on the time searching for new target cells rather than killing them. We therefore vary k from 1 day Ϫ1 to 100 day Ϫ1 from top to bottom in Fig. 1 . All simulations started with 1,000 naive CD8 ϩ T cells that are specific for one (or a few) immunodominant epitope(s).
For most of the wide parameter domain studied in Fig. 1 , the model has the typical expansion phase, immune control that starts around the peak, i.e., after viral growth has been slowed down by target cell limitation, a down slope that is gradual and not far from the invariant 0.5 day Ϫ1 , and a slow approach to the viral set point. In the top row, the killing rate is comparable to the normal death rate of infected cells, and the viral load at the set point is due to a combination of target cell limitation and immune control. In the middle row, effector cells kill maximally 10 target cells day Ϫ1 , and the viral load decreases several orders of magnitude after the peak, with a down slope approaching 0.5 day Ϫ1 (note that the down slope of the effector cells is also d E ϭ 0.5 day Ϫ1 ). Although much lower viral set points are obtained, the peak viral load has hardly decreased by increasing the killing rate 10-fold (Fig. 1 , compare a to c with d to f). Increasing the killing rate to the probably unrealistic 100 target cells day Ϫ1 does lead to markedly lower peak viral loads (Fig. 1g to i) , and immune control starts before the virus is limited by target cells. At very high killing rates, immune control requires only a limited clonal expansion of the CD8 ϩ T cells, which enables the CTL to catch up with the more replicating virus by the recruitment of naive cells. Overall, the viral set point increases with the virus production rate, p, and decreases with the CTL killing rate, k (Fig. 1) (68) .
Prophylactic vaccination. Because immune control starts only after viral growth has been slowed down by other mechanisms, the impact of prophylactic vaccination with DNA or protein is expected to be relatively minor. Viral outgrowth can be prevented only if the immune response starts with a sufficiently high effector/target ratio at the initial site of infection. Otherwise, the virus will outgrow the slower CD8 ϩ effectors, and immune control will start only around the normal peak values, i.e., "too late implies too little." Vaccinated monkeys are simulated in Fig. 2 , with an increased activation rate of the CD8 ϩ T cells, N, now representing memory cells induced by previous vaccination. Because there is no evidence for reactivation of the CD8 ϩ memory cells during the first 10 days of the expansion phase in vaccinated monkeys (1, 12, 21, 22) , the recruitment of memory cells is made only 10-fold faster than that of the naive T cells. Because effector cells arrive late and cannot catch up with the virus, increasing the number of memory cells hardly affects the initial replication rate, reduces the peak viral load somewhat, and leads to the same viral set point (Fig. 2) . Since vaccination is no more than a change in initial conditions, the ultimate viral set point levels in the model are not altered by vaccination (Fig. 2) . (Mathematical models can account for lower set points after vaccination only if they have multiple attractors [53a, 99] , and for the parameter values presented here, our model has a single attracting set point; in rather unrealistic parameter regimens, i.e., when the target cell-limited steady state is too low to sustain the immune response, bistability is possible.) Repeated vaccinations of macaques with single-cycle SIV can decrease the peak viral load during subsequent challenge with SIVmac238 by 1 to 3 logs (32) , while the initial replication rate seems very similar to that in unvaccinated control monkeys. For the largest initial effector/target ratio in Fig. 2d , the peak viral load has indeed blunted markedly and resembles the viral set-point level. At such high memory cell densities, the immune response can catch up with the virus before it is limited by target cells (Fig. 2d) .
To summarize, the modeling confirms that prophylactic vaccinations boosting the CD8 ϩ T-cell response need affect neither the viral replication rate nor the down slope after the peak. The explanation is that CD8 ϩ T cells are too slow; i.e., they expand slower than the virus. As a result, immune control can become important only when viral replication is slowing down for other reasons (like the availability of uninfected target cells). The only way to control a rapidly replicating virus by slow CD8 ϩ T-cell immunity is to prevent the initial viral outgrowth (see Appendix) (76) . In the absence of a persisting infection that is maintaining an active local effector population at the site of infection, CD8 ϩ T-cell recruitment into the local tissues is too slow to allow for swift initial control (1, 21, 22, 45) , and CD8 ϩ T cells are expected to fail on rapidly growing viruses.
Perturbations during the chronic phase. During the chronic phase, immune control is important, and small changes in the number of effector cells can have a large effect in the model. Increasing the number of CD8 ϩ T cells by therapeutic vaccination (58, 94) or depleting them with a monoclonal antibody (46, 67, 85) during the chronic phase of the infection indeed markedly affects the viral load. The former is surprising because one would expect a minor effect of therapeutic vaccination, since there is enough antigen available to stimulate the CD8 ϩ T cells. In our model, there is a major effect of a minor increase in CD8 ϩ T-cell numbers by therapeutic vaccination (Fig. 3a) . The explanation is that at equilibrium effector/target ratios, the effector cells determine the viral load and vise versa. Artificially increasing the effector cells therefore decreases the viral load. When the therapeutic stimulation of the effectors peters out, the system returns to its original steady state (Fig.  3a) . Because effector/target ratios are much more favorable during the chronic stage of HIV infection, these results also predict that it should be beneficial to combine antiretroviral therapy (ART) with therapeutic vaccination: lowering the viral load and increasing the immune response could tip the balance in favor of good immune control (65) . The opposite perturbation of the chronic steady state is to deplete the CD8 ϩ T cells with monoclonal antibody (46, 67, 85) . After a 10-fold depletion of the specific CD8 ϩ T-cell immune response in the
FIG. 2. SIV dynamics in vaccinated monkeys. The lines depict the target cells (T) (light solid line), the viral load (V) (heavy solid line), the immune response (E) (dashed line), and the memory T cells (N) (dashed-dotted line). By increasing the activation rate 10-fold to a ϭ 1 day

Ϫ1
, the naive T cells of equation 4 now represent memory T cells. In panels a to d, simulations start with various levels of memory cells, i.e., N 1 ϭ 10 2 , 10 3 , 10 4 , and 10 5 cells, respectively. Other parameters are described in the legend of Fig. 1e, i. e., p ϭ k ϭ 10. Vaccination changes the initial infection dynamics only at high numbers of memory cells; otherwise, the response is too late and too slow and becomes important after the peak. Note that the peak viremia decreases somewhat from panel a to panel c and that the peak has disappeared in panel d. Because the model has only one attractor for these parameter values, the same viral set point is approached in all four panels. In reality, vaccinated animals approach lower set points.
FIG. 3. Therapeutic vaccination (a) and CD8
ϩ T-cell depletion (b). Considering the chronic phase, we ignore the naive T cells. In panel a, P in equation 5 is replaced with P ϩ D, where D is antigen-loaded dendritic cells that are introduced at day zero and that disappear exponentially [D(t) ϭ 10 5 e Ϫ0.02t ]. Note that a small increase in the immune response (dashed line) markedly decreases the viral load (solid line). In panel b, the specific CD8 ϩ T-cell response is depleted to 10% of its steady-state value at day zero. Parameters are described in the legend of Fig. 1e , i.e., p ϭ k ϭ 10.
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model, there is a rapid increase of the viral load followed by a rapid recovery of the CD8 ϩ T-cell response, which is in good agreement with experimental data (46, 67, 85) . Afterward, the viral load approaches the original set-point level (Fig. 3b) .
DISCUSSION
Because CD8
ϩ T cells exert their effects by cell-to-cell contacts, large numbers of effectors per infected target cell are required to control an infection (8) . In humans, this is confirmed by the enormous magnitude (i.e., 10%, or 10 10 CD8 ϩ T cells) of the cellular immune responses observed in individuals chronically infected with HIV and cytomegalovirus (13, 90) . Such huge densities of effector cells are apparently required to control chronic viral infection. Since the initial naive lymphocyte precursor densities are small (14) , an acute infection has to have significant clonal expansion. Because this takes time, CD8
ϩ T-cell immune responses are expected to be too slow to catch up with rapidly expanding infections like SIV and HIV. Therefore, we have argued that CD8 ϩ T-cell immune control starts to become important only after viral growth has slowed down by other control mechanisms, like target cell limitation.
Monkeys vaccinated with SIV antigens carry expanded antigen-specific CD8 ϩ T cells and nevertheless fail to control initial viral replication when challenged with SIV (12, 19, 21, 22, 44, 54, 61, 63, 81, 86) . Because high effector/target ratios are required to control SIV infection, we have explained these observations with the time it takes these memory cells to be reactivated and recruited to the primary site of infection and/or to be expanded into a sufficiently large clone of effector cells. The situation is very different for vaccines boosting B-cell immunity, and it has indeed been argued that the better protection that is achieved with live attenuated SIV vaccines is due to the induction of neutralizing antibodies (53) . Each B cell produces millions of antibody molecules that collectively can clear large numbers of virus particles. The humoral response can therefore catch up with a rapidly growing virus because its effector molecules easily outnumber their targets.
Whether the failure of prophylactic vaccination is due to the evolution of immune escape mutations during acute infection has been discussed (10, 11, 63) . Although immune escape is rampant and is an important hurdle for HIV vaccine development (37), it is an insufficient explanation for the failure of the vaccinations discussed here (63) . Upon challenge with live virus, the specific CD8 ϩ T-cell responses induced by the vaccines expand successfully (12, 21, 22, 63) , suggesting that the virus has not yet escaped. Immune escape mutations are not expected before CD8
ϩ T cells exert a sufficient selection pressure (10), which should occur only when the effector/target ratios are sufficiently high, i.e., after the peak of the viremia.
The best evidence that the initial replication rate of the virus plays a crucial role in the eventual control of the infection comes from monkeys treated with ART during the first weeks of infection (56, 83) . After withdrawing ART, the viral load typically remains low, and monkeys appear to be protected against rechallenge with homologous, and sometimes heterologous, SIV. These monkeys mount CD8 ϩ T-cell responses to the virus, and depletion of CD8 ϩ T cells by monoclonal antibodies increases the viral load (56) . Slowing down viral replication during the very early stage is expected to allow the CD8 ϩ T-cell response to catch up early (see Fig. A1 ), which may preserve specific CD4 ϩ T-cell responses and lead to excellent immune control when ART is withdrawn. Infections with attenuated viruses that are replicating slower than normal virus are also expected to lead to better immune control (which is indeed observed) (53) . Additionally, chronic infection with attenuated virus is expected to maintain an activated effector population in precisely those tissues that are most affected by the infection. These effector cells would be able to provide immediate local immune control upon rechallenge with virus. Killing a virus very early in infection, i.e., before it has outgrown the effector cells by its more rapid replication, is the best strategy to limit viral expansion, according to our models.
The conjecture that localized populations of activated CD8 ϩ effector cells play a crucial role in protective immunity to virus infection is supported by circumstantial evidence. First, in a cohort of African sex workers that remain seronegative despite high exposure to HIV, HIV-specific CD8 ϩ T cells have been found in the cervix (48) . These populations seem to be maintained by frequent exposure to HIV because several of the women have seroconverted after a prolonged period of low exposure to HIV, e.g., a break from sex work or increased condom usage (49) . Second, repeated immunizations with a multiprotein DNA/modified vaccinia virus Ankara HIV-1 vaccine inoculated in the rectal cavity of monkeys provided much better vaccine efficacy than conventional procedures (31). However, it was suggested that this localized vaccination works via innate immunity and nonspecific barriers because protection could not be correlated with cellular or humoral immunity (31) . Other evidence suggesting that CD8 ϩ effector populations localized in the tissues provide short-lived protection comes from the immunity to heterologous infection with influenza virus, where CD8 ϩ effector T cells residing the lung and airways typically provide protection for about 1 month (78, 100, 102) . In summary, CD8 ϩ T cells seem to play a crucial role in controlling chronic infections, become important at a relatively late stage of acute infection, and provide protection to new viral infections if sufficiently large effector T-cell populations are maintained at the local site of infection.
APPENDIX
Current mathematical models for acute HIV infection tend to ignore saturation effects and have simple "mass-action" terms for the killing of infected target cells by immune effector cells (23, 64, 68, 70, 72, 75) . In mass-action terms, the killing rate is determined by the product of the concentrations, and the actual effector/target ratio of the cellular interaction does not play a role. Consider the mass-action model for the pathogen load: dL/dt ϭ (r Ϫ kE)L, where r is the exponential growth rate of the pathogen, L, and k is the killing rate by cytotoxic effectors (CTLs). This pathogen will be controlled whenever the immune response exceeds the critical level, E Ͼ r/k (Fig.  A1a) , which is independent of the size of the pathogen population. Control of a pathogen consisting of 10 or 10 million infected cells requires the same population size of cytotoxic effectors, E, which is entirely unrealistic.
In models with mass-action killing terms (and an exponentially increasing immune response) (Fig. A1) , prophylactic vaccination is expected to have a major effect because vaccination VOL. 81, 2007 FAILURE OF CD8 ϩ T-CELL VACCINATION 2843
should markedly decrease the time required to control the pathogen. An exponentially expanding immune response, dE/dt ϭ mE, will breach the critical level, E ϭ r/k, at day t ϭ ln{r/[kE(0)]}/m. Increasing the initial number of effector cells, E(0), therefore decreases the time to control. This is evidently not the case after vaccination with SIV antigens (1, 21, 22) . Moreover, CTL cannot kill an infinite number of infected target cells per day (6) . It takes time to locate and bind them and deliver a lethal hit (66, 89, 97) . This "handling time" creates a saturation effect similar to Michaelis-Menten enzyme-substrate kinetics (16, 26, 76) ; i.e., the killing term should take the form ϪkEL/(h ϩ L), where the Michaelis-Menten constant, h, is the pathogen density at which the killing rate per CTL is half-maximal. An implication of this much more realistic model is that pathogens that expand faster than the immune response tend to grow uncontrolled (76) . At large pathogen densities, pathogen growth approaches dL/dt ϭ rL Ϫ kE, which continues to increase when L grows faster than E (Fig.  A1b) . Importantly, in this model, the per-capita killing rate approaches kE/L, and the pathogen is controlled when the effector/target ratio exceeds the same critical level, i.e., when E/L Ͼ r/k. Because SIV expands faster than the specific CD8 ϩ T-cell immune response (with estimated growth rates of 1.8 day Ϫ1 and 0.9 day Ϫ1 , respectively) (21), virus-infected target cells will rapidly outnumber the immune response and grow uncontrolled because the global effector/target ratio is declining (Fig. A1a) .
This model suggests that the CD8 ϩ T-cell immune response can control the virus only when viral replication has been slowed down by other limiting factors. Because there is massive depletion of CCR5 ϩ CD4 ϩ T cells in the gut during the first weeks of infection (55, 62, 93) , it is very likely that viral replication rates slow down due to a limited availability of uninfected target cells. Additionally, innate immune responses may slow down viral replication. Both can be included by densitydependent viral replication:
where the replication rate is the same initially but slows down with increasing pathogen densities (i.e., at L ϭ 1/ε, the replication rate has halved). When viral replication is slowing down, the immune response can catch up and achieve effector/target ratios that are sufficient to control the virus (Fig. A1b) . Because immune control can start only when the virus is limited by something else, the model naturally explains why vaccinated monkeys have peak viral loads similar to those of unvaccinated monkeys (12, 21, 22) . Accepting the notion that the immune response is important during the decline phase, one has to face the problem that current mathematical models fail to account for a moderate down slope that is largely independent of the magnitude of the immune response. As long as infected target cells are not limiting, the total killing rate in the model is approximately kE, and because the immune response has to be large, the down slope is expected to be very steep (Fig. A1b and c and A2 ). This is partly an artifact of the simplicity of the model, because the killing rate per infected cell should approach some maximum value when the effector/target ratio is large. One can improve the model by considering a scheme where the CTL first has to interact with a target cell for some time to bind viral peptides presented by major histocompatibility complex molecules, after which it will deliver its lethal hit and dissociate to possibly bind other target cells.
From the general scheme where an unbound CD8 ϩ effector cell, E u , binds an unbound target cell, P u , to form a complex, C, 
of a pathogen, L, growing exponentially at a rate, r, as long as εL Ͻ Ͻ 1 (depicted by the solid line), and an immune response, E, growing exponentially at a rate of dE/dt ϭ mE (depicted by the dashed line). For ε ϭ c L ϭ c E ϭ 0, one obtains the mass-action model dL/dt ϭ (r Ϫ kЈE)L, where kЈ ϭ k/h. The heavy solid line in panel a shows that the pathogen growth drops to zero at the critical immune response E ϭ r/kЈ. We take expansion rates that are realistic for SIV infection of macaques, i.e., r ϭ 1.5 Ͼ m ϭ 1 day Ϫ1 (21), and set k equal to 2 and h equal to 10 3 cells. The light solid line in panel a depicts uncontrolled pathogen growth that is obtained for the same parameters when we allow for saturation in the number of targets by setting c L equal to 1 (16, 26, 76) . In panel b, the replication rate of the pathogen is reduced at high pathogen densities (by setting ε equal to 10 Ϫ7 cells). The saturated immune response (with c L ϭ 1) can eradicate the pathogen after its growth has slowed down. This model accounts for the observed limited effects of prophylactic vaccination, because the initial replication rate of the pathogen remained unaffected by vaccination, and similar peak values were observed; see panel c, where we start with E ϭ 0.01, 0.1, 1, or 10 effector cells at time point zero. After the peak dL/dt Ϸ rL Ϫ kE, and because the effector population is very large, the rate at which the pathogen is cleared is unrealistically fast. This is unrealistic because there are many effector cells per target cell, each killing target cells at rate k. We solve this problem by setting c E equal to 1, which makes the killing also limited by the target cells (d). By setting the killing rate, k, equal to 2 day that after a time dissociates into an unbound effector cell and a dying target cell, P d , i.e., E u ϩ P u 7 C 3 E u ϩ P d , with the conservation equations E ϭ E u ϩ C and P ϭ P u ϩ C, one can make the "total quasi-steady-state assumption," dC/dt ϭ 0, and obtain the following:
where v max is the maximum reaction rate and K is the MichaelisMenten constant (16, 91, 92) . The killing rate per infected cell then approaches its maximum, v max cells day Ϫ1 , when E Ͼ Ͼ K ϩ P, i.e., when there are enough effector cells per target cell. When there are many target cells and few effector cells, i.e., when P Ͼ Ͼ K ϩ E, the killing rate of an infected cell is proportional to the effector/target ratio, i.e., approaches v max E/P. Such a killing term can account for a down slope of 0.5 day Ϫ1 if the killing rate is set to k ϭ r ϩ 0.5 (Fig. A1d ). This seems a rather strong parameter constraint, however, given that we know so little about the rate at which CTLs kill their infected target cells (6, 8, 9, 36, 96) . is the replication rate. For every parameter setting studied here, we enforced a replication rate of 1.5 per day by solving ␤ from ϭ 3/2 in dL/dt, with R defined as described above:
By this procedure, which establishes an inverse relation between ␤ and p, we indeed obtained a replication rate of 1.5 day Ϫ1 for various values of p (Fig. 1) . Note that assuming that dR/dt ϭ 0 is not the same as a quasi-steady-state assumption, dP/dt ϭ 0, which turns out to be a poor approximation during the expansion phase (not shown). 
